We employ the accretion disk reflection model relxill nk to test the spacetime geometry around the stellar-mass black hole in GRS 1915+105. We adopt the Johannsen metric with the deformation parameters α13 and α22, for which the Kerr solution is recovered when α13 = α22 = 0. We analyze a NuSTAR observation of 2012, obtaining vanishing and non-vanishing values of the deformation parameters depending on the astrophysical model adopted. Similar difficulties were not found in our previous tests with other sources. The results of this work can shed light on the choice of sources suitable for testing the Kerr metric using X-ray reflection spectroscopy and on the parts of our reflection models that more urgently require improvement.
I. INTRODUCTION
Astrophysical black holes are commonly thought to be the Kerr black holes predicted by Einstein's theory of general relativity [1, 2] . Nevertheless, it is important to bear in mind that Einstein's gravity has been extensively tested only in weak gravitational fields [3] . There are many alternative and modified theories of gravity that have the same predictions as Einstein's gravity in the weak field regime and have black holes different from those of general relativity. Testing the Kerr nature of astrophysical black holes is an important check to confirm the validity of Einstein's gravity in the strong field regime [4] [5] [6] [7] [8] [9] .
X-ray reflection spectroscopy is potentially a powerful technique to test the Kerr nature of astrophysical black holes with electromagnetic radiation [10] [11] [12] [13] [14] [15] [16] [17] . This technique is based on the study of the reflection spectrum of accretion disks [18, 19] . The accretion disk of black holes emits thermal photons that can have inverse Compton scattering off free electrons in the so-called "corona", which is a hot, usually compact and optically thin, medium close to the compact object. A fraction of the Comptonized photons illuminate the disk, producing a reflection spectrum with some emission lines. The most prominent features in the reflection spectrum are usually the iron Kα line around 6 keV and the Compton hump at 10-30 keV. The observed reflection spectrum, and the iron Kα line in particular, are strongly affected by relativistic effects occurring in the strong gravity region around the black hole. In the presence of the correct astrophysical model and high quality data, we can study the features of the reflection spectrum and test the nature of the compact object.
Recently, we have developed the reflection model relxill nk to probe the spacetime metric around astrophysical black holes and test the Kerr black hole * Corresponding author: bambi@fudan.edu.cn hypothesis using X-ray reflection spectroscopy [20, 21] . relxill nk is the natural extension of the relxill model [22, 23] to non-Kerr spacetimes. In relxill nk, the spacetime is described by a parametric black hole metric in which a set of "deformation parameters" is introduced to quantify possible deviations from the Kerr solution. By comparing X-ray data of astrophysical black holes with the theoretical predictions of relxill nk we can measure the values of these deformation parameters and check whether they vanish, as is required by Einstein's theory.
In the past year, we have analyzed a few sources with relxill nk. In the case of supermassive black holes, we have tested 1H0707-495 with XMM-Newton and NuS-TAR data [24] , Ark 564 and Mrk 335 with Suzaku data [25, 26] , and MCG-6-30-15 with combined data of XMM-Newton and NuSTAR [27] . In Ref. [28] , we have presented the analysis of Suzaku data of seven "bare" active galactic nuclei (Ton S180, RBS 1124, Ark 120, Swift J0501.9-3239, 1H0419-577, PKS 0558-504, and Fairall 9), i.e. sources with no complicating intrinsic absorption. In the case of stellar-mass black holes, we have tested GX 339-4 with RXTE data [29] and GS 1354-645 with NuSTAR data [30] . In all these studies we have found that the measurements of the value of the deformation parameters are consistent with zero at 1-or 2-σ; that is, our tests confirm that the spacetime metric around all these objects is described by the Kerr solution within the precision of our measurement. The constraints obtained from MCG-6-30-15, GS 1354-645, and some bare active galactic nuclei appear quite stringent and we have shown how imposing unjustified ad hoc emissivity profiles would completely spoil our results, suggesting that our current theoretical model is good enough to test Einstein's gravity with these sources [30] .
Here we continue our program of testing the Kerr black hole hypothesis with relxill nk and we present the study of a new source, GRS 1915+105, which is a binary system of a stellar-mass black hole with a low mass companion star. We analyze a NuSTAR observation of 2012, hoping to get strong constraints on the deformation parameters, in analogy with what was obtained for GS 1354-645. Like the latter, GRS 1915+105 has properties that are supposed to help get good constraints on its strong gravity region: its spin parameter is high, so the inner edge of the disk can be very close to the black hole, and the viewing angle is relatively high as well, thus maximizing the relativistic effects of Doppler boosting and light bending. Since it is a stellar-mass black hole, the source is bright and we have a good statistics. NuSTAR data are also suitable for this kind of test, as we can measure the spectrum up to 80 keV and there is no pile-up problem. However, we meet a problem in recovering the Kerr metric. More specifically, we find nonvanishing deformation parameters when we employ the model adopted in [31] , where the authors study this NuS-TAR observation assuming the Kerr metric. We try to change the intensity profile, but we constantly do not recover the Kerr solution. When we add a non-relativistic reflection component, we recover Kerr when the intensity profile is modeled with a power law and we do not recover Kerr with a broken power law. In our previous tests, we had never met similar difficulties. We compare the results of this work with those of previous tests of the Kerr metric, and we discuss the differences between GRS 1915+105 and the other sources.
The content of the paper is as follows. In Section II, we review our method to test the Kerr black hole hypothesis with the reflection model relxill nk. In Section III, we present the observation and how we reduced the data. Section IV is devoted to the data analysis and we show the best-fit values and the constraints on the deformation parameters. In Section V, we discuss our results and we compare them with those obtained in other studies. Throughout the paper we employ a metric with signature (− + ++) and units in which G N = c = 1.
II. TESTING THE KERR HYPOTHESIS WITH RELXILL NK
The reflection spectrum of accretion disks around black holes originates from the illumination of the accretion disk by Comptonized photons from the corona. From the comparison of the theoretical predictions with observational data, it is possible to infer the properties of the system. Our disk's reflection model for non-Kerr spacetimes is called relxill nk and was presented in Refs. [20, 21] . It is the natural extension of the relxill model [22, 23] , in which the background metric is assumed to be described by the Kerr solution. relxill itself is the result of the merger of two models: xillver and relconv. xillver is a purely atomic model to calculate the reflection spectrum in the rest-frame of the gas of the accretion disk [32, 33] . relconv is a convolution model and transforms the reflection spectrum calculated by xillver into that detected far from the source taking relativistic effects (Doppler boosting, gravitational redshift, and light bending) into account [34] . In relxill nk we have extended the convolution model relconv in order to calculate the detected spectrum in the case of a non-Kerr spacetime [20, 21] .
In what follows, we assume that the geometry of the spacetime is described by the Johannsen metric with the deformation parameters α 13 and α 22 [35] . In BoyerLindquist-like coordinates, the line element reads
where M is the black hole mass, a = J/M , J is the black hole spin angular momentum, and
The functions A 1 and A 2 are
For α In what follows, we will consider the possibility that one of the two deformation parameters may be non-vanishing and we will try to infer its value from the data of GRS 1915+105. First, we will try to measure α 13 assuming that α 22 = 0 and then we will consider the opposite case, namely α 13 = 0 and we try to measure the value of α 22 . The possibility of two variable deformation parameters at the same time is beyond the capabilities of our current version of relxill nk. Note that, in order to avoid spacetimes with pathological properties, we have to impose some restrictions on the values of the spin parameter a * = a/M and of the deformation parameters α 13 and α 22 . As in the case of the Kerr spacetime, we require that |a * | ≤ 1, because for |a * | > 1 there is no black hole but a naked singularity. As discussed in [25, 35] , we also have to impose the following restrictions on α 13 and α 22
More details on the astrophysical model employed in relxill nk can be found in [20, 21] . Here we simply remind that the accretion disk is assumed to be infinitesimally thin and on the equatorial plane; that is, orthogonal to the black hole spin. The gas of the accretion disk follows nearly geodesic, equatorial, circular orbits.
In what follows, the inner edge of the disk will be assumed at the innermost stable circular orbit (or ISCO), but in relxill nk we could also permit the inner edge to be at a larger radius than the ISCO. The emissivity profile of the accretion disk can be modeled with a power law (i.e. the intensity is proportional to 1/r q , where q is some emissivity index) or a broken power law (i.e. the intensity is proportional to 1/r qin for r < R br and to 1/r qout for r > R br , where q in and q out are the inner and the outer emissivity index, respectively, and R br is called the breaking radius). The ionization of the accretion disk is described by a single ionization parameter ξ and the composition of the accretion disk is taken into account by the iron abundance A Fe . An important parameter in the model is the viewing angle i, namely the angle between our line of sight and the spin of the black hole. Fig. 1 shows the impact of the deformation parameters α 13 and α 22 on the reflection spectrum as calculated by relxill nk.
III. OBSERVATIONS AND DATA REDUCTION
GRS 1915+105 is quite a special source. While it is a low mass X-ray binary (i.e. the mass of the companion star is less than a few Solar masses), it is a persistent Xray source since 1992. This is probably due to its large accretion disk, which is capable of providing a sufficiently high mass transfer at any time.
NuSTAR observed GRS 1915+105 on 2012 July 3 for approximately 60 ks. This observation was analyzed for the first time in [31] , where the authors -assuming the Kerr metric -measured a spin parameter a * = 0.98±0.01 at 1-σ statistical error.
In our analysis, we employ Xspec v12.10.0 [36] . We process the data from both the FPMA and FPMB instruments using nupipeline v0.4.3 with the standard filtering criteria and the NuSTAR CALDB version 20180419. We use the nuproducts routine to extract source spectra, responses, and background spectra. Source spectra are extracted from a circular region of radius 90 . Background spectra are extracted from regions of equivalent size on each detector. All spectra are grouped to a minimum of 30 counts before analysis to ensure the validity of the χ 2 fit statistics. After all efficiencies and screening, the net exposure time for the resultant spectra is 14.85 ks for FPMA, and 15.31 ks for FPMB.
Assuming the black hole mass M BH = (10.1 ± 0.6) M and distance D = 11 kpc [37] , the accretion luminosity of the black hole is 0.23 ± 0.04 in Eddington units. It is thus in the range in which the accretion disk is thought to be well described by the Novikov-Thorne model with the inner edge at the ISCO radius [38, 39] , which is the model employed in our analysis.
GRS 1915+105 is a highly variable source. However, as shown in Fig. 2 , the source was quite stable during the 2012 NuSTAR observation and therefore we do not need to take its variability into account in our spectral analysis.
IV. SPECTRAL ANALYSIS
We start fitting the data with a power law component with an exponential cut-off describing the corona spectrum (model 0). The Xspec model is tbabs*cutoffpl, where tbabs describes the Galactic absorption [40] and cutoffpl is for the power law component. The fit is bad and we clearly see a broad iron line around 6 keV and a Compton hump around 20 keV (see the top panels in Fig. 3) . We improve our model by adding a relativistic reflection component with relxill nk. Throughout this paper, we employ the version 1.3.2 described in [21] and available at 1 . We have three models: model 1 in which α 13 = α 22 = 0 (Kerr spacetime), model 1a in which α 13 free and α 22 = 0, and model 1b with α 13 = 0 and α 22 free. Fig. 3 shows the ratio plots of models 1a and 1b, where we can clearly see that the fits are significantly better than model 0. We still have an excess of counts at low (around 3 keV) and high (above 40 keV) energies.
We add a thermal component for the accretion disk, which is often present in the spectrum of GRS 1915+105. Again, we have three variants: model 2 in which we assume the Kerr metric, model 2a in which α 13 is free and α 22 = 0, and model 2b with α 13 = 0 and α 22 is free. For the disk's thermal spectrum, we use the Xspec model diskbb [41] , so the total model is tbabs*(diskbb + relxill nk). Tab. I shows the best-fit values for model 2 and Tab. II does the same for models 2a and 2b. The data to best-fit model ratios for models 2a and 2b are reported in Fig. 3 and we can see that diskbb improves the quality of the fit. However, in models 2a and 2b we do not recover the Kerr solution. In particular, the difference of χ 2 between the Kerr model and model 2a is ∆χ 2 = 66. The constraints spin vs α 13 and spin vs α 22 are shown in Fig. 4 . As shown in [30] , the intensity profile can play an important role in the estimate of the deformation parameters. We thus try to recover the Kerr solution with different assumptions on the intensity profile: power law, broken power law with two free emissivity indices, and broken power law with free inner emissivity index and outer emissivity index frozen to 3. The measurement of the deformation parameters can somewhat change but, especially in the case of α 13 , it remains negative and far from zero by several standard deviations. It is worth noting that a pure relativistic reflection model was the model employed in [31] to measure the black hole spin assuming the Kerr metric.
We add a non-relativistic reflection component and the total model becomes tbabs*(diskbb + relxill nk + xillver). First, we model the emissivity profile with a Second, we employ a broken power law to describe the emissivity profile: in model 3 we assume the Kerr metric, in model 3a we have α 13 free and α 22 = 0, and in model 3b we have α 13 = 0 and α 22 is free. As we can see from Fig. 6 , the measurement of α 22 is consistent with the Kerr solution. However, the measurement of α 13 is very far from zero: the difference of χ 2 between models 3 and 3a is ∆χ 2 = 29. From Tab. II, we see that the inner emissivity index is lower than the outer one for models 3a and 3b . In particular, we find q out very high in both cases. This simply means that the fit prefer a disk with a relatively constant emissivity near the inner edge and then a very weak emissivity at larger radii.
Tab. III lists the main models discussed above and employed in our spectral analysis, as well as the corresponding properties.
V. DISCUSSION AND CONCLUSIONS
When we add a non-relativistic reflection component to the model, the quality of the fit improves and we can argue that such a non-relativistic reflection component is indeed necessary. It is thus perfectly understandable that we do not recover the Kerr solution in models 2a, 2b, and their variants with a different emissivity profile. We are missing an important component in the spectrum and we cannot pretend to test the Kerr metric with GRS 1915+105. The take-away message is that the choice of the correct model can be very important in these kinds of tests.
With the non-relativistic reflection component in the model, the measurement of α 13 and α 22 turn out to be very sensitive to the choice of the shape of the emissivity profile. In models 3a and 3b, we recover the Kerr solution, but the constraints on α 13 and α 22 are weak. In model 3a , we do not recover the Kerr solution at a high confidence level. In model 3b , we recover the Kerr solution and the constraint is strong. Note that we cannot say that the correct astrophysical model is the one in which we recover the Kerr metric, because this would be equivalent to saying that we want to test the astrophysical model and we assume the Kerr metric. We have thus to figure out how we can separately test the metric and the astrophysical model.
We note that we are not able to fit well the high energy part of the spectrum, see Fig. 3 . Since the cut-off energies that we obtain are very low, the corona should be relatively cool. In such a case, the difference between a simple cut-off power law and a proper comptonization model may be important. We have thus repeated our analyses by replacing relxill nk with relxillCp nk in our models [21] . However, we have obtained worse fits. We have also tried other solutions, like adding an extra power law component to describe the possible emission from the jet, but still we are not able to improve the quality of the fit at high energies.
In our previous analyses of stellar-mass and supermassive black holes with relxill nk, we had never found similar problems. First, we were able to easily recover vanishing values of α 13 and α 22 . Second, the choice between power law and broken power law for the description of the intensity profile had not such a strong impact on the final estimate of α 13 and α 22 . More specifically, we usually found that a power law or a broken power law could provide somewhat different but consistent results. On the contrary, imposing an ad hoc emissivity profile (i.e. without fitting the emissivity indices and the breaking radius), we obtained non-vanishing values of α 13 and α 22 . With such results, we argued that the emissivity profile is important to correctly model the spectrum of the source, but that it is possible to separately measure the deformation parameters and the parameters related to the emissivity profile. The case of GRS 1915+105 seems to be different.
It is likely that the spectrum of GRS 1915+105 is more difficult to model. While the spectrum may indeed be described by a thermal component from the disk and relativistic and non-relativistic reflection components, relxill nk and xillver may not be able to properly describe these components. Both models have indeed a number of simplifications. If the theoretical model does not properly describe the observed spectrum, the fit tries to absorb such a discrepancy with incorrect values of the parameters.
A crucial assumption in our reflection model relxill nk is that the accretion disk is thin and the inner edge is at the ISCO radius. If the actual accretion disk around the black hole does not meet these conditions, we can have systematic uncertainties that can mimic a non-vanishing deformation parameter. However, we do not think this is the reason for our results for GRS 1915+105. For the NuSTAR observation of 2012, the Eddington-scaled accretion luminosity of the source is 0.23 ± 0.04 [31] , which is in the 0.05-0.30 range required to have thin disks [38, 39] . On the contrary, in other works we have obtained quite stringent constraints on α 13 and α 22 from supermassive black holes that more likely accrete above 30% of their Eddington limit.
The current version of xillver is appropriate for the description of "cold" disks, because it neglects the contribution in the reflection spectrum from the X-ray photons emitted by the disk itself. This may explain our difficulties in recovering the Kerr metric. In the case of GS 1354-645, the fit did not need any thermal component, which means that the disk's temperature is lower than the one in the NuSTAR observation of GRS 1915+105. In the case of supermassive black holes, the temperature of the disk is a few orders of magnitude lower, so xillver is appropriate. We note that we are meeting a similar problem in recovering the Kerr solution in a work in preparation on Cygnus X-1, where we analyze some NuSTAR observations in which the source is in the soft state.
The possibility of performing precise tests of the Kerr metric using X-ray reflection spectroscopy, which is our long-term goal, requires having a theoretical model good enough such that the systematic uncertainties are subdominant with respect to the statistical ones. In such a case, it is important to be able to select the right candidates, namely observations of black holes that can be well described by the available theoretical model. This will become of crucial importance with the next generation of X-ray missions, like eXTP and Athena, that promise to provide unprecedented high quality data [42] . 
